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ABSTRACT 

A two-dimensional (2D) dilaton gravity model, whose static solutions have the same fea- 
tures of the Reissner-Nordstrom solutions, is obtained from the dimensional reduction of 
a four-dimensional (4D) string effective action invariant under S-duality transformations. 
The black hole solutions of the 2D model and their relationship with those of the 4D theory 
are discussed. 



PACS: 04.70.Bw, 04.60.Kz 



E-Mail: CAD0N1@CA.1NFN .IT 



Dilaton gravity in two space-time dimensions has been widely investigated in recent 
years [1-7]. The realization that most models of two-dimensional (2D) dilaton gravity admit 
solutions describing black holes has raised the hope to find a mathematically tractable 
setting for problems of four-dimensional (4D) black hole physics that otherwise are very 
hard to tackle. It has been found that 2D dilaton gravity models represent in several cases 
a good and tractable approximation for the S-wave sector of 4D black holes [2,4,5]. For 
example, retaining only the radial modes of 4D Einstein gravity one gets 2D spherically 
symmetric gravity (see for instance ref. [2]). The celebrated, string inspired, Callan- 
Giddings-Harvey-Strominger (CGHS) model [3] can be also thought of as describing the 
S-wave sector of 4D dilatonic black holes near extremality [4] . In a similar way, it has been 
shown that also 2D dilaton gravity models admitting anti-de Sitter black hole solutions 
can be used to model the physics of a class of string-inspired 4D dilatonic black holes [5]. 

The purpose of this letter is to present the black hole solutions of a 2D dilaton gravity 
model that can be considered as the 2D analogue of the Reissner-Nordstrom (RN) solutions 
of the 4D Einstein-Maxwell theory. The 2D model describes the S-wave sector of the 4D 
dilatonic black holes that have been found in ref. [8] in the context of an S-duality model. 

In ref. [8] , we considered a model described by the action: 

A = J d A x^g~ R[g] - 2(V</>) 2 - cosh(2#</>)F 2 . (1) 

When the field <j> is referred to as the dilaton, the action turns out to be invariant under an 
S-duality transformation and can be considered as a generalization of the usual functional 



= J d 4 x^ [R[g] - 2(V</>) 2 - e" 2 ^ 2 ] , 



which is part of the action describing the low-energy dynamics of string theory. Moreover, 
letting <p be a modulus field, the action (1) can be thought of as an approximation to the 
effective action resulting from toroidal or orbifold compactification. We were able to find 
exact, magnetically charged, black hole solutions of the model for g 2 = 1 and g 2 = 3. In 
particular, the g 2 = 1 solution can be put into the form: 

e 2 * = e 2 *°(l + — ), (2a) 
r 

F = Qsm0d9 Adcp, (26) 

ds 2 = - (r -;- )(r ~ r+) dt 2 + , r(r + 2g) , dr 2 + r(r + 2a)rf0 2 , (2c) 



where r± = M — a ± yM 2 + a 2 — Q 2 cosh (20o) and the integration constants have to 
satisfy the equation 2Ma = — Q 2 sinh(20o). This solution shares its main features with 
the RN solution of general relativity. Moreover, it reduces to the Garfinkle-Horowitz- 
Strominger (GHS) solution [9] in the 0o — > — oo weak coupling regime [8] (due to the 
duality symmetry of the action also in the strong coupling regime) . 
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Let us write the action (1) in terms of the usual "string" metric g = exp(2(f>)g: 



A = J rf 4 x^ [(R + 4(V</>) 2 ) e~ 2(t) - cosh(2^)F 2 ] . (3) 

For g 2 = 1, the action (3) admits magnetically charged black hole solutions whose topology 
is G 2 x S 2 , where G 2 is an asymptotically flat 2D space-time and the radius of the two- 
sphere S 2 is constant and equal to the magnetic charge. In fact, the field equations derived 
from the action (3), with g 2 = 1, have solutions of the form: 

ds 2 = ds 2 {2) + -^rfO 2 , (4) 

with A = 1/Q, the Maxwell tensor given as in eq. (2b) and the dilaton depending only on 
the coordinates of G 2 . From the 4D field equations follows that the metric over G 2 and 
the dilaton must be solutions of the following equations: 

R + 4V 2 <f) - 4(V0) 2 + A 2 (1 + e 4<t> ) = 0, 

1 (5) 
V M V„</> - 9liV (V 2 </> - (V</>) 2 ) - ^ V(l - e^) = 0, 

where all the objects are calculated with respect to the 2D metric over G 2 . The field 
equations (5) can be derived from the dimensionally reduced action-functional: 

A = - 1 - / d 2 x^g [e~ 2(t> (R + 4(V</>) 2 ) - 2A 2 sinh 2(f\ . (6) 

Z7T J 

This 2D action can be obtained by substituting the ansatz (2b), (4) directly into the 4D 
action (3). 

The 2D black hole solutions of the field equations (5) can be easily obtained; they 
have the following form : 



s 2 = -(1 - a+ e- Xx )(l - a_e- Ax )t 2 + (1 - a+e"**)" 1 ^ - a-e"^)" 1 ^, (7) 

4> = 00 - ^x. (8) 

The parameters a± and 4>o appearing in the previous equations are not independent but 
constrained by the equation: 

a + a-=e^°. (9) 

Apart from the constant <po, the solution is parameterized by the value of a single physical 
observable, which can be identified with the mass of the black hole. This result is a 
consequence of Birkhoff's theorem for 2D dilaton gravity [6]. The mass m of the solution 
(7) can be calculated using the procedure due to Mann [7]; one finds 

m=^(a+ + a_) (10). 
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Using eqs. (9) and (10), one can express the parameters a± as a function of the physical 
observables: 

a± = -(m± \Jm 2 - A 2 e 4 ^>) . (11) 

The expressions (9), (10) and (11) are similar to those one obtains in the RN case, with 
Aexp(20 o ) playing the role of the 4D magnetic charge. For m > Ae 2< ^°, eq. (7) describes an 
asymptotically flat 2D space-time with an inner and outer horizon at a; = x± = (1/A) lna±, 
respectively. For m = Xe 2< ^° the black hole becomes extremal. The point x = — oo is a 
curvature singularity analogous to the origin of the radial coordinate system in the RN 
case. The space-time has the same causal structure as the RN solution both in the general 
and in the extremal case. This can be easily demonstrated by noting that for m > \e 2<t>0 
the coordinate transformation 

\„\x „ \a+ 

l e = e A(a+-a_)y 

|e Ax -a_| a - ' 
brings the metric (7) into the form 

ds 2 = (1 - a+e- Xx ) (1 - a-e~ Xx ) {-dt 2 + dy 2 ) . 
In the extremal case a+ = a_ = a, the coordinate transformation involved is 

Xy = In \e } 



,Xx i a 



e Xx — a 

The 2D black hole solution (7) describes the S-wave sector of the near-extreme 4D 
black hole solution of the theory defined by the action (3). The latter solution can be 
easily obtained from the solution (2) and the Weyl rescaling leading to the action (3). 
Introducing a new radial coordinate p, 

A sinh 2 p = r — r+, A = r + — r_, 

one finds that in the extremal limit A — > 0, Ae~^ = const, the Weyl-rescaled solution 
behaves as follows: 

2 2 

, 9 A o cosh p sinh p , 9 ~, , 

ds 2 = -A 2 r^dt 2 + Q 2 (4dp 2 + rf0 2 ), (12a) 

(r+ + A sinh p) 2 

e2 * = JT- i? ■ (i26) 

r+ + A sinh p 

Performing the coordinate transformation A sinh 2 p = Q exp(— 0o) exp(Ax) — r+, after the 
identification r± = Q exp (— </>o)a±, one can easily realize that the solution (7), (8) coincides 
with the 2D section of the solution (12). 

It is important to notice that an extremal limit in which the 4D solution behaves like 
eqs. (12) exists only for a > 0, (po < 0, i.e in the weak coupling region of the theory. For 
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a < 0, 4>q > 0, i.e in the strong coupling region, there is no limit in which the topology of 
the 4D solutions factorize as G 2 x S 2 . The S-duality symmetry <fi — * —<fi of the action (1) 
is not preserved by the Weyl rescaling leading to the action (3). In terms of the "string" 
metric, the strong (0o oo) and weak (</>o — > — oo) coupling regimes admit a different 
description. Only for the latter an approximate solution like (12) exists. Similarly, the 
2D theory described by the action (6) is not invariant under the duality transformation 
<fi — > —cp. In the weak coupling regime the action (6) describes the CGHS model. This 
is what one would have expected because the CGHS model describes the S-wave sector 
of the GHS black hole near extremality [4] and because the solutions (2) reduce in the 
weak coupling regime to the GHS solutions. From eqs. (7) and (11) it is evident that in 
the weak coupling regime 0o ~" > — °° the inner horizon disappears and that the solution 
becomes the CGHS solution: 

^ = _( 1 _?£ e --) (i(2 + ( 1 _?£ e --)" 1 ^, 

4> = <Po - ^x. 

We conclude this letter with some remarks on the existence of magnetically charged 
solutions with topology G 2 x S 2 in the context of 4D dilaton gravity theories. Solutions 
of this kind, apart from the case we have discussed in this paper, have been already found 
in several cases: the Einstein-Maxwell theory (the Bertotti- Robinson solutions [10]), 4D 
string effective theory [4,9], the string-inspired models of ref. [5,11]. One could be led to 
think that the existence of this kind of solutions is a general feature of 4D dilaton gravity 
theories. However, it turns out that the opposite of this statement is true: the existence 
of magnetically charged solutions with topology G 2 x 5" 2 implies a strong constraint on 
the form of the gauge coupling function between the Maxwell field and the dilaton. Let us 
consider the general action 

A 4 = J d 4 x^g-[D(c/ ) )R + #(0)(V0) 2 + V(<t>)F 2 ], (13) 

where D ((/)), H((f>) and V((f>) are coupling functions. Its extremals are solutions of the 
following equations: 

V v [VF' iV ] = 0, (14) 

f*"f>> 2 + f^-^ = 0, ,15) 

DR^u + HV^V^ - V^V„D - l -g^V 2 D + 2V (f^F« - \g^F 2 ^j = 0. (16) 

If one substitutes the ansatz (2b) and (4) into these equations and considers to be a 
function only of the coordinates of G 2 , eq. (15) and the first two equations in (16) reduce 
to the equations of motion coming from the dimensionally reduced action: 

A2 = 1 LJ d2x ^ [ D ^) R + #(0) W) 2 + 2X 2 D(<P) + 2\ 4 Q 2 V(<j))] , 
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obtained by inserting the ansatz directly into A±. The last equation in (16) states that the 
spherical component of the energy tensor of the 4D theory is a first integral. This equation 
together with eq. (15) represents a strong constraint on the form of the coupling function 
V ((/)). Taking as usual D = exp(— 2(f)) and H = 4exp(— 20), the general solution of the 
constraint can be parameterized in terms of two arbitrary constants A, B and reads: 

V = Aexp(2(p) +Bexp(-2(p), 

with B < 0. Thus even for an action of the form (3) magnetically charged solutions with 
topology G 2 x S 2 are allowed only for the value of the coupling constant g we considered 
here, namely g = 1. 
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